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Abstract
Let X be a topological space represented by a locally finite one-dimensional simplicial complex
consisting of at most countably many simplices. Let n be a natural number. Then there are mutually
disjoint and mutually homeomorphic subspaces A1, . . . ,An of X such that X = A1 ∪ · · · ∪ An.
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1. Introduction
Let X be a topological space and n a natural number greater than one. Let A1, . . . ,An
be mutually disjoint subspaces of X such that X =A1 ∪ · · · ∪An. Suppose that Ai and Aj
are homeomorphic for any i, j ∈ {1, . . . , n}. Then we say that the n-tuple (A1, . . . ,An) is
an n-division of X. We say that X is n-divisible if X has an n-division.
In [7] it is shown that if X is a subspace of a Euclidean space that has a non-empty
interior then X is n-divisible for any n. It is also remarked in [7] that the one-point
compactification space of a discrete space over countably infinite points is not n-divisible
for any n. Thus we are interested in whether or not a topological space is n-divisible. In
this paper we show the following theorem.
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Main theorem. Let X be a topological space represented by a locally finite one-
dimensional simplicial complex consisting of at most countably many simplices. Then X is
n-divisible for any natural number n.
The problem whether or not a given topological space is n-divisible is a naive problem.
As far as the author knows there is no research paper exactly on this problem except [7].
However there are some related works. Most of them consider the division problem with
some additional or stronger conditions. For example, the division of a metric space into
some mutually isometric subspaces has been studied in [3,6,9,11,12] etc. The division of
a topological space into mutually homeomorphic rigid subspaces has been studied in [4,8,
10] etc. We refer the reader to [1,2,5] etc. for other related works.
2. Proof
Proof of Main theorem. We may suppose that X is in a Euclidean space and each 1-
simplex is a line segment. First we consider the case that X has no isolated 0-simplices.
If there are only finitely many 0-simplices then we subdivide X if necessary so that the
number of the 0-simplices of X is a multiple of n.
Let [−1,1] be a closed interval. Let
ak = 12k and bk =
k∑
j=1
aj
for a positive integer k. Let b0 = 0 and bk = −b−k for a negative integer k. For i =
1,2, . . . , n we set Bi = ⋃j∈Z[bjn+i−1, bjn+i ) where j varies over the integers Z and
[a, b) is a half-open interval.
For each 1-simplex e of X we choose and fix a bijective Affine map fe : [−1,1] → e.
Let Ce,i = fe(Bi). Let V be the set of 0-simplices of X and V1, . . . , Vn any partition of V
with equal cardinalities. Let Ai = Vi ∪⋃e∈E Ce,i where e varies over the set E of all
1-simplices of X.
We will show that the n-tuple (A1, . . . ,An) is an n-division of X. It is clear that they
are mutually disjoint and X = A1 ∪ · · · ∪ An. Therefore it is sufficient to show that Ai
and Aj are homeomorphic for any i, j ∈ {1, . . . , n}. For each v in Vi (respectively Vj ) we
choose a small ε-neighbourhood U(ε, v) of v in the Euclidean space and let Wv be the
union of all connected components of Ai (respectively Aj ) contained in U(ε, v). Note that
Wv consists of v and countably infinite half-open intervals converging to v. Namely, there
is an ordering h1, h2, . . . of all half-open intervals in Wv such that for any δ > 0 there is a
numberm such that if l m then hl is contained in U(δ, v). Therefore we have that for any
u ∈ Vi and v ∈ Vj Wu and Wv are homeomorphic. In fact it is easy to check that if f maps
u to v and each half-open interval in Wu homeomorphically onto a half-open interval in
Wv of the same order, then f is a homeomorphism from Wu to Wv . Since Vi and Vj have
the same cardinality we have that
∑
v∈Vi Wv and
∑
v∈Vj Wv are homeomorphic. Note that
both Ai \∑v∈Vi Wv and Aj \
∑
v∈Vj Wv consists of countably infinite half-open intervals.
Therefore they are also homeomorphic. Thus we have that Ai and Aj are homeomorphic.
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Next suppose that X has isolated 0-simplices. Let V ′ be the set of the isolated
0-simplices of X and V ′′ the set of the non-isolated 0-simplices of X. By subdividing X if
necessary, we may suppose that X has at least n 1-simplices, and that there is a partition
V ′′1 , . . . , V ′′n of V ′′ with equal cardinalities. If V ′ is countably infinite, or finitely many and
the number of the elements of V ′ is a multiple of n, then there is no problem. Suppose that
V ′ is finite and the number of the elements of V ′ is not a multiple of n. Let p = qn+ r be
the number of the elements of V ′ where q is a non-negative integer and 0< r < n. We will
‘dig out’ n− r isolated points from 1-simplices as follows.
Let Di =⋃j∈Z, j0([b−jn−i , b−jn−i+1)∪ (bjn+i−1, bjn+i]). Note that 0 does not
belong to
⋃n
i=1 Di . Let E′ = {e1, . . . , en−r } be any subset of E consisting of exactly n− r
1-simplices. Then we set Ce,i = fe(Di) for e ∈ E′. For e ∈ E \E′ we set Ce,i = fe(Bi).
Let V ′1, . . . , V ′n be a partition of V ′ such that V ′i contains just q + 1 elements if i  r
and contains just q elements if i > r . For i  r we set Vi = V ′i ∪ V ′′i . For i > r we set
Vi = V ′i ∪V ′′i ∪{fei−r (0)}. Let Ai = Vi∪
⋃
e∈E Ce,i . Then the n-tuple (A1, . . . ,An) is an n-
division of X. The proof is essentially the same as the previous case and we omit it. ✷
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